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We study the effective interactions between nanoparticles immersed in an athermal polymer solution using
Molecular dynamics. The directly measured polymer-induced depletion forces are well described with a scaling
model in which the attraction between particles is caused by the depletion of concentration blobs and thus
independent of the length of the polymer chains. We find strong evidence for a repulsive barrier which arises
when the distance between the particles is of the order of the correlation length of the solution and which can
be interpreted as a packing effect of concentration blobs. Interestingly, the scaling picture can be extended into
the regime in which higher virial coefficients of the polymer solution become relevant. We derive a universal
relation between the attraction force at the particle contact, f (0), and the osmotic pressure  as f (0) ∼ 2/3,
demonstrating its validity over a wide range of concentrations of the polymer solution.
DOI: 10.1103/PhysRevE.84.041802 PACS number(s): 61.25.he, 62.23.Pq, 82.70.Dd
I. INTRODUCTION
With the availability of precisely sized nanoparticles (NPs)
and an improvement of instrumentation, the mixing of poly-
mers and NPs is of general interest in nanotechnology and
biophysics [1–3]. In order to understand the complex behavior
of polymer-nanoparticle composites (PNCs), the effective
interactions between the NPs within the polymer matrix have to
be evaluated. Theoretical approaches [4–8], computer simula-
tions [9–11], and experimental studies [12–15] have been car-
ried out to understand the complex interplay between enthalpic
and entropic interactions in these systems. The results showed
strong dependence of effective potentials and the resulting
properties of PNCs on the polymer solvent/melt quality [16].
In this work, we present evidence for the validity of a
scaling theory to describe the entropic depletion force between
NPs over a wide concentration range. We demonstrate that,
contrary to some beliefs, there exists no dependence on chain
length, radius of gyration, or polydispersity above overlap
concentration if all interactions are repulsive (athermal).
Instead, the attraction effect can be understood as a depletion
of concentration blobs. Moreover, we observe a repulsive
barrier of the depletion potential, the position of which
scales with the correlation length of the polymer matrix. This
unexpected complexity of the depletion potential, even in
athermal conditions, will lead to a rich phase behavior of
the NPs and the corresponding PNCs, like the formation of
attractive and repulsive glasses [17].
II. SCALING THEORY AND BLOB PICTURE
As in many other fields of polymer physics, scaling
concepts and mean-field models can successfully be applied
to PNCs as well. They reduce the complexity of the problem
dramatically and at the same time deliver a simple physical pic-
ture. Moreover, scaling and mean-field models are extensible
to incorporate further restrictions and interactions. A scaling
model, motivated by a mean-field treatment of NPs embedded
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in a semidilute solution of polymers, has been proposed by
Joanny, Leibler, and de Gennes [4]. In particular, these authors
predict the range of the effective force, henceforth called
depletion attraction, to be of the order of the correlation length
(blob size) of the polymer solution.
The essential scaling argument proposed here, generating
the depletion force, is sketched in Fig. 1. It is assumed that a
semidilute polymer solution consists of densely packed corre-
lation blobs of size ξ . When two spherical particles approach
one another, blobs are expelled from the region in between
them. The resulting free (depleted) volume corresponds to an
increase in free energy which is proportional to this volume and
to the osmotic pressure . As a consequence of this argument,
the depletion attraction should not depend on the chain length
in the semidilute regime, for c  c∗, where c denotes the
volume fraction occupied by the polymers and c∗ denotes the
threshold at which polymer chains begin to overlap.
A purely attractive depletion potential between two spher-
ical particles immersed in a semidilute polymer solution has
been suggested [4,9],
UD = −πR(ξD − x)2, (1)
where ξD ∼ ξ denotes the characteristic length scale of the
depletion zone for correlation blobs, R denotes the NP
radius, and x denotes the gap size (surface-to-surface-distance)
between both NPs. From this expression follows the attractive
force at contact:
fD(x = 0) ∼ ξR. (2)
A direct measurement of the depletion attraction for
nanoparticles, however, is difficult. An upscaled variant has
been considered by Verma et al. [18], where the forces of
micrometer-sized colloids were probed in a DNA solution.
Basic results of the scaling model could be recovered, but
only at the limit of small excluded volume and at rather
low concentrations. Previous simulations, based on lattice
Monte Carlo methods [9], have addressed the problem of
the depletion potential between two particles in a polymer
solution. Initial evidence for the validity of the scaling model
has been obtained, but a fully consistent and convincing body
of data is still missing due to the lack of accuracy.
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FIG. 1. (Color online) Sketch of the scaling model to explain
the depletion attraction of NPs embedded in a semidilute polymer
solution. Concentration blobs are expelled from the region in between
the NPs against the action of the osmotic pressure .
III. SIMULATION MODEL
In our simulations with two nanoparticles embedded in a
polymer matrix, the polymers were modeled as freely jointed
bead-spring chains with a finite extensible nonlinear elastic
(FENE) bond potential [19]. A 12-6-Lennard-Jones (LJ)
potential, U (r) = 4ε[( σ
r
)12 − ( σ
r
)6], defined the monomer-
monomer and monomer-NP pair interaction and was truncated
at its minimum to assure the athermal character of the system
[20]. The factor ε = 1 defines the LJ-energy unit, distances r
are in units of the monomer diameter (LJ length), and σ denotes
the mean diameter of the interacting pair. In order to measure
effective forces between the two NPs, one NP was fixed at the
origin while the second one was attached via a stiff harmonic
potential fspring(r) = −k (r − r0) with k = 100 and r0 being
the natural length, i.e., fspring(r0) = 0. Note that the harmonic
potential was the only direct interaction between the two NPs,
chosen stiff enough to enforce a well-defined average distance
r̄ with low variance for each choice of the natural length r0.
The average distance r̄ was then used to evaluate the effective
forces acting on the NPs. More specifically, the equation
fspring(r̄) + fDEP(r̄) + 2
r̄
= 0 (3)
has to hold, where fDEP denotes the depletion force induced
by the surrounding polymer matrix. The additional term
2/r̄ is an entropic force related with the rotational degrees
of freedom of the two-particle-system in three-dimensional
space. The simulations were carried out using the open source
LAMMPS molecular dynamic package [21] at a constant
temperature T = 1 (LJ units), i.e., as an NV T ensemble,
so the energy unit is kBT = 1 throughout the paper. In
order to generate the set of depletion forces [r̄ ,fDEP(r̄)],
we varied the value of r0 and repeated the simulation and
calculation mentioned above. Once the depletion force array
was determined, the corresponding potential [r,UDEP(r)] was
obtained by integration.
IV. RESULTS AND DISCUSSION
The connectivity of matrix polymers generates a correlation
between the monomers that, in the case of a single chain
or in dilute solution, extends over the entire polymer. In a
dilute solution of polymers, c  c∗, the depletion potential is









































FIG. 2. (Color online) Entropic depletion potentials between NPs
induced by a polymer matrix at different polymer concentrations.
The chain length was N = 64 and the NP size was R = 3, subtracted
from the NP distance to obtain the gap size x = r − R. A best fit to
Eq. (1) to the c = 0.194 data is shown as a dashed curve. The insert
shows the entropic depletion potentials inside a matrix of unconnected
monomers (N = 1).
therefore monotonically attractive with an interaction range
of the order of the radius of gyration Rg  R [22]. An
explanation for the attractive depletion potential was first
provided by the Askura-Oosawa (AO) theory, which assumes
the dilute polymer coils behaving like an ideal gas around
each nanoparticle, and Rg defining the range of the depletion
zone around each NP that is inaccessible to the gas atoms
[23,24]. At higher concentrations, i.e., c > c∗, the polymers
overlap and interact strongly. Random interchain interactions
eliminate intrachain correlations to a large extent, giving rise
to correlation blobs: a length scale that separates the intrachain
correlation regime from its uncorrelated exterior [25]. We
have estimated c∗ ≈ 0.05 for chains of length N = 64 in our
simulations, based on the scaling of the radius of gyration as
a function of polymer concentration [25].
In Fig. 2 we display the induced entropic pair potential
of two NPs inside a matrix of polymers for various con-
centrations above c∗. The attractive potential increases at
higher concentrations while its range decreases. Additionally,
a repulsive barrier emerges, exterior to the attractive range.
This phenomenon is also observed in the case of unconnected
monomers, see the insert of Fig. 2, which form a matrix of
small, repulsive hard spheres. The origin of the repulsive
barrier is a packing effect of the smaller matrix-particles at
the surface of the larger particles [26] and is accompanied
with an oscillation as it is clearly visible at high-monomer
concentrations (squares in the insert of Fig. 2). Although
oscillations seem absent in case of polymer chains, a maximum
of the repulsive depletion potential is clearly observable for
c > 0.1. Based on the scaling model for the athermal depletion
attraction, we propose that the correlation blobs take over the
role of the small-particle matrix, forming a depletion zone
of the size of the correlation length ξ around the NPs, and,
at high concentrations, exhibiting packing effects around the
interface of NPs that lead to the observed repulsive peak of
the depletion potential UDEP(r). Correlation blobs, however
are soft and hence do not generate medium-range oscillations
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in the same way as the hard-repulsive monomers do at high
concentrations. It should be noted that no such repulsive
potential was found in previous experiments [18] in which
rather stiff DNA chains were used as matrix. Here, collisions
between intrachain monomers are rare and the effects of
excluded volume interactions are relatively weak even though
they are above zero [27]. The repulsive barrier was also
absent in theorectical calculations using a self-consistent field
theory [28] and a mean-field theory [29] for the pair interaction
between particles in a nonadsorbing polymer solution, but
these studies covered lower concentrations at which such a
barrier was absent in our system as well.
In order to quantitatively compare scaling model and
simulations, we search for the best fits of Eq. (1) to the
depletion potentials in their short-range attractive part; an
example is given in Fig. 2. The two fit parameters correspond
to the osmotic pressure, , and the depletion length, ξD ,
respectively. But the osmotic pressure inside the simulation
box can also be measured directly. In Fig. 3 (upper panel)
we display both results for the case of R = 3. Very good
agreement is found, which demonstrates the self-consistency
of the scaling model. The results for the fitted depletion length,
ξD , and the measured maximum position of the depletion
potential, ξM , are presented in the center panel. Here, the data
for ξD are shifted by a factor of 1.11. The proportionality
of both length scales strongly supports the validity of the
blob-packing concept. Additional data, obtained by varying
























































FIG. 3. (Color online) Upper panel: Osmotic pressure vs concen-
tration. Circles denote direct measurements inside the simulation box;
other symbols are fits obtained from Eq. (1). Center panel: Correlation
length vs concentration, taken directly from the maximum of the
depletion potential (circles) or obtained from fits to Eq. (1). Lower
panel: The depletion force at contact scales as fDEP(0) ∼ ξ ∼ 2/3,
Eq. (4), over the entire polymer concentration range.





















FIG. 4. (Color online) Depletion potential for different polymer
chain lengths. Here c = 0.291 and R = 3.
For c < 0.2 the polymer solution can be regarded as
semidilute and two-body interactions between monomers are
dominant. In this case one expects ξ ∼ c−ν/(3ν−1) ∼ c−0.77,
where ν  0.588 denotes the exponent relating the correlation
length to the number monomers in the correlation blob, g,
according to ξ ∼ gν . In this scaling regime the osmotic pres-
sure follows Des Cloizeaux’ law:  ∼ 1/ξ 3. Thus, we obtain
 ∼ c3ν/(3ν−1) ∼ c2.3. The correlation lengths, ξD and ξM , are
in good agreement with this prediction [see the data point left
of the solid line in Fig. 3 (center)], while the osmotic pressure
displays a slightly larger slope in the same concentration range
(upper panel). This might be explained with non-negligible
many-body interactions in this concentration regime.
For c > 0.2, higher-order monomer-monomer interactions
become dominant. The correlation lengths display a second
scaling regime with ξD,M ∼ c−1 (center panel). This coincides
with a crossover in the behavior of the osmotic pressure,
assuming a power law of approximately  ∼ c3, so that Des
Cloizeaux’ law,  ∼ 1/ξ 3, still remains valid. This would
suggest that the force of contact, given by Eq. (2), can be
written in a universal scaling form as follows:
f (x = 0) ∼ R2/3. (4)
To test this prediction we have plotted the contact force as a
function of the directly measured osmotic pressure in Fig. 3
(lower panel). In fact a perfect agreement is obtained for all
concentrations. We have further verified the validity of this
expression for different NP sizes R (data not shown).
As a consequence of the scaling model, there should be
no influence of the chain length on the depletion potential at
concentrations above overlap, c  c∗. In Fig. 4 we display
the depletion potential at an intermediate concentration of
c = 0.291 for various chain lengths. We observe a universal
behavior of the potential for N  8, when the chain size
exceeds the correlation length at that concentration.
V. CONCLUSION
In summary, direct calculations of the depletion attraction
via molecular dynamics simulations confirm the validity of
the scaling approach for the interaction of two nanoparticles
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within an athermal polymer solution over a wide range of
concentrations. We have shown that the force at contact is
a universal function of the osmotic pressure of the polymer
solution. Above the overlap threshold the depletion attraction
becomes invariant of the chain length and can be described
in terms of concentration blobs. Thus, the ratio of the particle
size and the correlation length of the polymer solution controls
the depletion attraction in athermal polymer-NP solutions. We
have further shown that the two-particle potential displays a
repulsive barrier which, in analogy to the effects in binary col-
loids, may be related to packing effects of concentration blobs.
Since a multiple overlap of depletion zones around
nanoparticles can easily occur at higher NP concentrations,
the incorporation of many-body contributions would be the
natural next step beyond the pair interactions discussed in
this work. In this case, the depletion pair potentials that have
been analyzed in detail may later serve as benchmarks to
measure the degree of many-body interactions at higher NP
concentrations.
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